We propose a theoretical method to enhance the coherent dipole coupling between two atoms in an optical cavity via parametrically squeezing the cavity mode. In the present scheme, conditions for coherent coupling are derived in detail and diverse dynamics of the system can be obtained by regulating system parameters. In the presence of environmental noise, an auxiliary squeezed field is employed to suppress, and even completely eliminate the additional noise induced by squeezing. In addition, we demonstrate that our scheme enables the effective suppression of atomic spontaneous emission. The results in our investigation could be used for diverse applications in quantum technologies. *
I. INTRODUCTION
Transport of excitation via resonant interaction between dipoles is fundamental to numerous disciplines, ranging from life sciences to quantum computing [1] . In quantum physics, the interaction between two atoms, one initially in the excited state and the other in the ground state, through virtual photon exchange is generally known as dipole-dipole interaction [2] . It enables the atoms to resonantly exchange their energies by virtue of homenergic transition between energy levels. The availability of a strong long-range dipole-dipole interaction is an enabling resource for a wide range of studies and applications [3] [4] [5] . Typically, the interaction between atoms in highly excited Rydberg states attracts a great deal of research interests and has been elaborately studied both in theoretical schemes and in experimental realization [6] [7] [8] [9] [10] [11] . This strong interaction can give rise to the so-called dipole blockade mechanism [12, 13] , which has been demonstrated experimentally [14] [15] [16] [17] [18] and offers possibilities for generating entanglement of several atoms [19] [20] [21] , or implementing scalable quantum logic gates [22, 23] as well as other applications in quantum information processing [24, 25] .
Cavity quantum electrodynamics (QED) studies the light-matter interactions at the quantum level in terms of single atoms coupled to quantized cavity field [26] [27] [28] . Realization of the strong coupling regime (SCR) via high manipulation and control of quantum systems [29] is requisite for implementing quantum information tasks. However, strong strength of light-matter coupling requires resonators with high quality factors and small mode volumes simultaneously [30] , which remains extremely challenging to implement in experiments [31, 32] . Alternatively, flexible schemes for effectively enhancing atom-cavity coupling have been proposed. Recent studies have made it easy to reach the ultrastrong coupling (USC) or deep strong coupling (DSC) regime [33] [34] [35] .
For instance, Leroux and co-workers proposed a method to enhance the qubit-cavity coupling via parametric driving of the cavity [36] . Qin et al. exploited optical parametric amplification to enhance the atom-field coupling as well as the cooperativity of the system [37] . Upon parametrically squeezing the cavity mode, exponentially enhanced coupling strength has been achieved. This makes the squeezing-based scheme a powerful tool for enhancing coupling, while the dynamics of the system becomes complicated as a consequence. In-depth studies on the diverse dynamics are of importance and need to be promoted.
For controlled quantum dynamics, it is prerequisite to achieve strong interactions between single pairs of atoms. Motivated by the recent advances mentioned above, here, we propose a scheme to enhance the coherent dipole coupling between two atoms confined in an optical cavity. The general idea is based on parametrically squeezing the cavity mode. We show that the resonance interaction between atoms can be achieved in the presence of squeezing, for the atoms coupled to cavity with both identical and different strengths. In both cases, we derive in detail the effective Hamiltonian to describe the dynamics and verify the parametric conditions for resonance interaction, as well as enhancement of coupling. For consideration of the environmental noise, the dynamics of the system will be destroyed due to the additional noise induced by squeezing. We show that the undesired noise can be suppressed and even completely eliminated by employing a squeezed field with proper parameters. In particular, we demonstrate that our scheme is capable of effectively suppressing the atomic spontaneous emission.
The remainder of the paper is structured as follows. In Sec. II, we describe the physical model of the system and give the Hamiltonian in the presence of squeezing. In Sec. III, we show how squeezing the cavity mode enables the dramatical enhancement of the coherent coupling between atoms. In Sec. IV, the environmental noise is considered into the system. We present an approach to suppress the squeezing-induced noises by simply employing a squeezed field. Finally, we give a brief discussion on experimental implementations and summarize our conclusions in Sec. V.
II. THE SYSTEM AND HAMILTONIAN
We consider a quantum system consisting of two identical two-level atoms and a nonlinear medium, which are confined into a single mode cavity (see Fig. 1 ). The cavity mode can be squeezed while the nonlinear medium is pumped at frequency ω p , amplitude Ω p , and phase θ p .
Working in a frame rotating at half the squeeze frequency ω p /2, the Hamiltonian of this system is given by (hereafter,h=1)
Here, a(a † ) is the annihilation(creation) operator of the cavity mode with frequency ω c . The two-level atom is described by the Pauli operator σ i z = |e i e| − |g i g| (i=1,2 labels the atoms) and the transition operators σ i + = σ i − † = |e i g|, where |e i and |g i are the excited state and the ground state, respectively. g i is the atom-cavity coupling strength. ∆ c = ω c − ω p /2 and ∆ i = ω i − ω p /2 are the cavity and atom detunings (with ω i being the frequency of atom i).
The Hamiltonian can be diagonalized by introducing the Bogoliubov squeezing transformation a = a s cosh(r p ) − e −iθp sinh(r p )a † s [38] , where the squeezing parameter r p is controllable and defined via
The resulting Hamiltonian can be expressed as follows
The Hamiltonian (2) has the form of the usual Rabi Hamiltonian, where ∆ s = ∆ c √ 1 − α 2 denotes the squeezed cavity frequency. The effective coupling strengths in H show an enhancement of atom-cavity coupling, which has been verified for the single atom case in [37] . In contrast, our system focuses on the dipole transitions, i.e., state transfer between two atoms using the cavity mode as a quantum bus [39] , and we intend to validate the possibility of enhancement of coherent dipole coupling between two atoms. To illuminate this, we then transform the Hamiltonian H into the interaction picture and obtain (θ p is set to zero for simplicity)
where
We consider the states |e 1 g 2 , n and |g 1 e 2 , n with one excited atom and n photons in the cavity.
For large detunings with |∆ x |, |∆ y |, |∆ z |, |∆ w | |g i cosh(r p )|, |g i sinh(r p )|, there is no energy exchange between atomic system and cavity. We can adiabatically eliminate the non-resonant states and obtain the effective Hamiltonian by using the perturbation theory. The coherent coupling between two atoms under different parametric conditions will be discussed separately in the following section.
III. DYNAMICS AND ENHANCEMENT OF COHERENT COUPLING
A. Different atoms-cavity coupling strengths
We first examine the dipole-dipole interaction or state transfer between the two atoms coupled to the cavity mode with unequal strengths, g 1 = g 2 . In addition, we assume that the detunings ∆ 1 and ∆ 2 are different; the cavity mode is initially in the vacuum state, which is only virtually excited due to the large detuning conditions. Thus the cavity mode will be always in the vacuum state. By adiabatically eliminating the cavity mode, we obtain the following effective atomic Hamiltonian [40] :
The first four terms describe the photo-number-dependent Stark shifts, and the rest describe the dipole coupling between the two atoms. To realize efficient energy transition between states |e 1 g 2 and |g 1 e 2 , the following condition should be satisfied
The accuracy of this condition can be examined by calculating the eigenenergies of the states, which are obtained as the real part of the eigenvalues. In Fig. 2 (a), we plot the real part of the eigenvalues E 1,2 obtained from exact Hamiltonian (2) as a function of detuning ∆ 2 . Here, only the lowest two energy levels are shown since others are well separated from the subspace. The eigenenergies of the two states avoid crossing at ∆ 2 = 199.82g 1 (where resonance occurs) and are split by 2g eff = 0.096g 1 , as magnified in the inset in Fig. 2 (a). g eff is expressed as
, which is obtained from effective Hamiltonian (5) . Simultaneously, by inserting the corresponding parameters into Eq. (6), the detuning ∆ 2 is calculated to be 199.82g 1 , which is in good accordance with the result shown in Fig. 2(a) . Thus, we confirm that Eq. (6) gives the parametric condition for effective resonance between the two atoms coupled to the cavity mode with different strengths.
In what follows, we plot the oscillations between the states |e 1 g 2 and |g 1 e 2 of the two atoms With a higher value of r p , the ideal oscillations will be destroyed because the large detuning conditions are no longer satisfied. This can be surmounted by properly increasing the atomic detuning ∆ 1 , e.g., the ideal oscillations occur with ∆ 1 = 600g 1 for r p = 4. We further plot the enhancement of coupling as a function of r p ranging from 0 to 3, as shown in Fig. 2(e) . A strong enhancement of coupling exceeding 10 2 can be achieved in the present parameter range.
B. Identical atoms-cavity coupling strength
We now discuss the dynamics of our system when the coupling strengths between the two atoms and the cavity are identical, namely,
, the effective Hamiltonian (5) can be simplified to
For different values of detuning ∆ s , the efficient energy transfer between the two atoms can be realized. Here, we mainly consider two conditions associated with ∆ s : (1) ∆ s is far less than ∆; (2) the difference between ∆ s and ∆ is equal to a certain value δ that is much larger than {g cosh(r p ), g sinh(r p )}, and the sum of ∆ s and ∆ is much larger than δ. The oscillations between the states |e 1 g 2 and |g 1 e 2 of the two atoms under conditions (1) and (2) Overall, the effect of enhancement is valid in broad parametric space where the atoms-cavity coupling strengths and detunings take various values. Furthermore, we note that Eq. (6) is a versatile condition because it is also valid for g 1 = g 2 and ∆ 1 = ∆ 2 .
Next, we consider a special condition ∆ = 0. In this case, the Hamiltonian (3) transforms to
By using the perturbation theory and adiabatically eliminating the cavity mode, the effective atomic Hamiltonian can be written as
As expected, we can see the terms describing the transitions between |e 1 g 2 and |g 1 e 2 in the Hamiltonian (9). More interestingly, the specific condition ∆ = 0 results in new terms σ Fig. 4(b) ], arising from the asymmetrical energy shifts associated with r p in the Hamiltonian (9) . With the increasing of r p , the effective coupling can be enhanced to much larger than the difference between the energy shifts. This compensates the inadequate oscillation and therefore the ideal Rabi-like oscillation reappears in the dynamics, as shown in Fig. 4(d) . The above discussions are valid under the condition ∆ c = 1500g. When, however, the squeezing parameter r p further increases to over 2, the ideal Rabi-like oscillations will be destroyed. This is reasonable because the large detuning condition ∆ s {g cosh(r p ), g sinh(r p )} cannot be satisfied perfectly with the increasing of r p . To give more insights into this, we take the transition |e 1 g 2 ↔ |g 1 e 2 as an example, and plot the detuning ∆ s /g and the enhancement of coupling as functions of r p in Fig. 5(a) . Clearly, ∆ s /g drops off rapidly with the increasing of r p and down to near zero when r p increases to 3. By checking the numerical results of the dynamical evolutions, it can be directly seen that the ideal oscillations will be destroyed when r p reaches and exceeds 2.2 (not shown here). Accordingly for r p = 2.2, ∆ s /g is calculated to be 36.8, which is close to tenfold of {cosh(r p ), sinh(r p )}. This indicates that the enhancement of coupling is valid in the region r p < 2.2 while invalid in the region r p ≥ 2.2, as labeled in Fig. 5(a) . To enlarge the valid region of the enhancement of coupling, a possible strategy is to change the detuning ∆ s to 10g cosh(2r p ) (∆ s ). In Fig. 5(b) , we plot the detuning ∆ s /g and the corresponding enhancement of coupling as functions of r p ranging from 0 to 5. Upon the adjustment of detuning, the large detuning condition can be always satisfied due to the incremental increase of ∆ s /g with increases in r p . Therefore, the valid region of the enhancement of coupling, where the ideal Rabi-like oscillations occur (verified by the numerical simulations of the dynamics), is greatly enlarged as labeled in Fig. 5(b) .
IV. CONSIDERATION OF SQUEEZING-INDUCED NOISE
We have demonstrated the enhancement of coherent dipole coupling between the two atoms by parametrically squeezing the cavity mode. However, the introduction of squeezing will lead to additional noise into the system. To demonstrate explicitly the squeezing-induced noise, it is straightforward to derive the master equation in the presence of squeezing. Here, we assume that the cavity mode is coupled to a thermal reservoir. When the cavity mode is squeezed with squeezing parameter r p and reference phase θ p , the system master equation in terms of a s is derived as (see Appendix for details) where H(t) is the Hamiltonian given by Eq. (1); N and M are derived as
These two parameters describe the effective thermal noise and two-photon correlation of the squeezed cavity mode [42, 43] . The introduction of these noises will destroy the regular system dynamics, i.e., suppressing the amplitude of oscillations. To illustrate this, we take the oscillations between states |e 1 g 2 and |g 1 e 2 [described by Hamiltonian (5)] as an example. In Fig. 6(a) , we nu- (10) and (12) merically solve the master equation (10) and plot the oscillations between states |e 1 g 2 and |g 1 e 2 , which are immensely suppressed due to the additional noise induced by cavity mode squeezing.
It is demonstrated in Ref. [37] that the squeezing-induced noise can be suppressed by introducing an auxiliary squeezed-vacuum field to drive the cavity. Motivated by this, we explore the noiseresisted scheme in our system by virtue of the squeezed field. The squeezed field with the squeezing parameter r e and reference phase θ e , which has a much larger linewidth than the cavity mode, can be regarded as a squeezed reservoir. In this situation, we can assume that the cavity mode is coupled to a squeezed thermal reservoir. By choosing appropriate matching conditions, e.g., r e = r p and θ e + θ p = π, the squeezing-induced noise can be completely eliminated (i.e., N s =n th and M s = 0, see Appendix for details) and the dynamic of system is therefore governed by the master equation in the standard Lindblad forṁ
From the point of view of system-reservoir coupling, squeezing the cavity mode induces an increase in system-reservoir coupling strength. Employing an auxiliary squeezed field can, in principle, be equivalent to offset the increase in system-reservoir coupling via reservoir manipulation (squeezing), as proper matching conditions are satisfied. In Fig. 6(b) , we plot the oscillations between states |e 1 g 2 and |g 1 e 2 by numerically solving the master equation (12) . As expected, the populations of states |e 1 g 2 and |g 1 e 2 exhibit rather strong oscillations.
For further insight into the parametric ranges for suppressing the squeezing-induced noise, we plot the dynamics of the same model as dependent on r e /r p ranging from 0 to 4 in Fig. 6(c) . It reveals that the oscillations occur in a broad region except for the above-mentioned condition r e = r p . Specifically, the amplitude of oscillation during the whole evolution process reaches a peak for r e = r p [marked with a solid line in Fig. 6(c) ], which gradually drops off with increasing or decreasing the value of r e /r p . A clearly view of the oscillations for several values of r e /r p (1, 1.5, and 2) can be seen in Fig. 6(e) . Likewise, we also plot the dynamics as a function of θ e + θ p in Fig. 6(d) . The oscillations periodically occur when θ e + θ p = ±nπ (n = 1, 3, 5 · · · ), and exhibit almost identical evolution behavior. To verify this, in Fig. 6(f) we plot the oscillations of state |g 1 e 2 for θ e + θ p = −3π, −π, π and 3π. It is clearly to see the exactly overlap of the oscillations.
Another prominent feature of our method is the effective suppression of atomic spontaneous emission. As mentioned above, the coherent coupling between atoms can be greatly enhanced by squeezing the cavity mode, with the additional noise in the cavity being suppressed by applying the squeezed field. With the enhancement of coupling, the atomic dissipation cannot be affected and thus unchanged, which is equivalent to an effective suppression of atomic dissipation. This allows the observation of oscillations even for a large atomic decay rate γ, for instance, γ/g 1 = 0.1
[ Fig. 7(a) ]. When we further increase γ/g 1 to 0.5, it can be seen that the oscillations also occur for several periods [ Fig. 7(b) ]. Note that the cavity decay rate (κ/g 1 ) and thermal photon number (12) at different values of decay rates and thermal photons (as labeled in figures). The parameters are r p = r e = 3, θ e = π, and other common parameters are the same as Fig. 2(d) .
V. DISCUSSION AND CONCLUSION
We give a brief discussion regarding the experimental implementation. The promising pathway for realizing our proposal is based on the platform of cavity QED. The configuration of the two-level atom can be realized in alkali-metal atoms, e.g., cesium [18, 44] and rubidium [45, 46] . The singlemode cavity can be implemented typically using a high-finesse Fabry-Perot resonator [47, 48] .
An atom-cavity coupling strength (g) of tens of MHz is generally available. The cavity mode squeezing can be generated via the process of optical parametric amplification, e.g., pumping a second-order nonlinear medium [periodically-poled potassium titanyl phosphate (PPKTP) crystal [49, 50] ]. For producing the squeezed field with high bandwidth up to GHz, similar methods with generating cavity-field squeezing have been demonstrated in [51, 52] by using the PPKTP crystal. The squeezing parameter and reference phase can be controlled via adjusting the amplitude and phase of the pumped laser. On the basis of the above setups, we assume the following parameters: g 1 /2π = 5 MHz, g 2 /2π = 7.5 MHz, r p = r e = 2, θ p = 0, θ e = π, κ/2π = 500 kHz, γ/2π = 5 kHz, andn th = 0.1. We then choose the detunings ∆ 1 = 200g 1 , ∆ 2 = 199.822g 1 , and
to satisfy the resonant condition between the atoms. The resulting period of oscillation is about 2.1 µs and the population of state |g 1 e 2 for the first period reaches 0.9, which we have verified numerically. In addition, our scheme is also promising for application in solid-state systems, in particular, superconducting quantum circuits that combine superconducting qubits with microwave-frequency cavity [53, 54] .
In conclusion, we have demonstrated that parametric squeezing of the cavity mode enables a strong enhancement of coherent dipole coupling between two atoms. The resonance between atoms occurs for atoms coupled to the cavity with both identical and different strengths, manifesting as the observation of coherent population oscillations in the dynamics. In both cases, we have derived In addition, we also shown that our scheme can effectively suppress atomic spontaneous emission and cavity decay. The oscillations occur for several periods even for strong atomic and cavity dissipations. Our method for enhancing dipole-dipole interaction between atoms can be applicable to a wide range of physical systems, and will find various applications in quantum information processing. 
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APPENDIX: EFFECTIVE MASTER EQUATIONS
Here, we first assume that the cavity mode is coupled to a thermal reservoir. Considering several relaxation processes (including the decay of atoms and cavity field) affecting the system, the dynamics of the system can be described by the quantum master equation in the standard Lindblad form [38] 
where ρ(t) is the density operator of the system, H(t) is the Hamiltonian given by Eq. (1), L a = √ κa is the Lindblad operator describing the cavity decay with rate κ, L 1,2 = √ γ|g 1,2 e| are the Lindblad operators describing the atomic spontaneous emissions with identical rate γ,n th = (eh ω/k B T − 1) −1 is the mean number of thermal photons in the cavity at temperature T , L(O) and
L (O)ρ(t) = OOρ(t) − 2Oρ(t)O + ρ(t)OO.
When the cavity mode is squeezed with a squeezing parameter r p and a reference phase 
where H (t) is given by Eq. (2), L as = √ κa s is the Lindblad operator describing the decay of the squeezed-cavity mode, N and M describe the effective thermal noise and two-photon correlation [42, 43] , respectively, given by
M = cosh(r p ) sinh(r p )e −iθp .
In the following, we demonstrate the squeezing-induced noise, i.e., thermal noise and two-photon correlation, can be suppressed by employing a squeezed field to drive the cavity. In view of a highbandwidth squeezed field (up to GHz), which has been realized in experiments [51, 52] , it can be regarded as a squeezed reservoir due to a relatively small linewidth of typical optical cavity mode. Therefore, we assume that the cavity mode is coupled to a squeezed thermal reservoir with a squeezing parameter r e and phase θ e . The dynamics of system can be described by the following master equation [55] ρ(t) =i[ρ(t),
where N and M are parameters that describe the squeezed thermal reservoir and are given by N =n th cosh(2r e ) + sinh 2 (r e ), (A6a) M = (2n th + 1) cosh(r e ) sinh(r e )e iθe .
Following the same method as before, the master equation after squeezing the cavity mode is re-expressed aṡ
where N s and M s are given by 
These two terms indicate the undesired noise in the cavity induced by squeezing, which can be removed by choosing appropriate condition. For instance, when choosing r e = r p and θ e + θ p = π, the N s and M s can be reduced ton th and 0, respectively. In this case, the master equation (A7) is simplified to the standard Lindblad forṁ
L(L x )ρ(t) + (n th + 1)L(L as )ρ(t) +n th L(L † as )ρ(t) .
